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Herein we examine the low-bias electromigration wind force acting on quasi-one-dimensional nanoscale
features within the Landauer-Büttiker conduction picture. Ordinarily the electromigration force is calculated
under the approximation that the nonequilibrium carrier distribution in the vicinity of a defect is the same as
that in the bulk. However, this approximation is rooted in the assumption that atomic scale defects scatter all
incident electrons weakly �just as electrons weakly and diffusely scatter in the bulk�. We examine this assump-
tion by calculating the mode-resolved transmission against Ag�111� step edges and atomic wires using density-
functional theory within the single-particle Green’s function Landauer scattering picture. Furthermore we show
that those modes that scatter strongly give rise to a nonequilibrium electrochemical potential drop across a
defect and an increased wind force. The results quantitatively explain previously not understood experimental
observations of an enhanced electron wind force against Ag�111� step edges �O. Bondarchuk et al., Phys. Rev.
Lett. 99, 206801 �2007��. In general, the results underscore the challenging nanoscale reliability problem posed
by surface electromigration in nanostructures and the need for a nonequilibrium quantum transport description
of the electron wind force.

DOI: 10.1103/PhysRevB.81.235416 PACS number�s�: 71.15.�m, 73.22.�f, 73.40.�c, 73.63.�b

I. INTRODUCTION

As metal interconnects shrink toward and possibly be-
yond single nanometer dimensions,1 increased surface rough-
ness stands out as a critical nanoelectronics design
challenge.2,3 In addition to the added electrical resistance
which arises from surface roughness scattering,4 recent ex-
perimental observations5–7 have suggested that nanoscale
surface electromigration forces may be enhanced by up to an
order of magnitude.8,9 The electromigration wind force, usu-
ally characterized in terms of ballistic momentum transfer
between flowing electrons and conductor atoms,10 deter-
mines the structural reliability of a conductor. Any increase
in the wind force accelerates the process of void formation
and thereby reduces the lifetime of a conductor.7 In nano-
scale conductors void formation is even more problematic,3

as rough surface features represent a sizable fraction of the
conducting cross section and thereby provide ample oppor-
tunity for momentum transfer between conducting electrons
and material atoms. Surface electromigration therefore rep-
resents a critical problem in the understanding and design of
reliable nanoscale conductors.

The wind force acting on a nanoscale defect is determined
by the scattered current.10 The scattering current can be
translated into a Hellmann-Feynman force by considering the
nonequilibrium population of carriers in the vicinity of a
defect.11 Usually, the energetic distribution of carriers in the
vicinity of a defect is assumed to be equivalent to that of the
bulk material under bias.11–14 The bulk nonequilibrium elec-
tron population under bias can be described by either the
Boltzmann distribution11 or Fermi distribution.15 However,
this picture only makes sense so long all incident carriers

weakly scatter off a defect �just as they weakly and diffusely
scatter in the bulk material�.16 Herein we test this approxi-
mation by calculating the transmission of each scattering
electron mode. We find that though most modes scatter
weakly, many scatter strongly off a defect site. Moreover, we
argue that such “strongly” scattering electrons give rise to a
nonequilibrium defect electrochemical potential drop10,16,17

and result in an increased wind force estimate. The findings
explain a previously not understood experimentally observed
intensity in the electromigration force that is not captured by
the bulk conduction picture.5

Motivated by reported studies5,18 of an enhanced elec-
tromigration wind force on Ag�111� thin films, we adopt the
Ag�111� surface as our model system for examining the low-
bias electromigration wind force on nanoscale features. We
consider the electromigration wind force acting on surface-
situated atomic wires19 and step edges20,21 in both the bulk
and local defect scattering regimes.11–14,22–24 The wind force
is calculated self-consistently using density-functional theory
�DFT� within the single-particle Green’s function Landauer-
Büttiker electron-transport picture.23–27 Bulk estimates of the
wind force11–14 are shown to fall below experimental values.5

While revised estimates which consider the local nonequilib-
rium electron distribution23 about a defect are found to agree
well. In general, the results underscore the need for a non-
equilibrium quantum transport description of the electron
wind force.

The remainder of the paper is divided into three parts. We
first outline the method applied, starting with a derivation of
the electromigration wind force within the Landauer-Büttiker
transport picture and followed by a reduction to the low-bias
regime. Second, bulk and local defect numerical wind force
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estimates arrived at via self-consistent DFT single-particle
Green’s function25–27 calculations are discussed in detail.
Lastly, we summarize the results.

II. METHOD

In this section we outline our theoretical and simulation
method in two parts. First, we express the wind force in
terms of the low-bias Landauer-Büttiker ballistic conduction
picture. Subsequently, we briefly outline the DFT single-
particle Green’s function transport method25–27 and its appli-
cation to low-bias numerical wind force calculations. The
reader is encouraged to consult the single-particle Green’s
function transport15,25–27 and electromigration wind force
literature11–14,28 which are often presented separately despite
being closely related.23,24

A. Low-bias wind force

The low-bias electron wind force expression can be ex-
tracted from the two probe Landauer-Büttiker
picture.11,15,26–28 Within the DFT single-particle Green’s
function transport picture the electronic Hamiltonian force
contribution to the ith atom at position Ri is given by11,26–28

�Fe� = − �
k,s

���D
�L���Ri

Ĥe��D
�L��fL�E�

+ ��D
�R���Ri

Ĥe��D
�R��fR�E�� , �1�

where �D
�L,R� are the left/right electron wave functions scat-

tering into the device �D� from the contacts.11,15,26 The above
summation is performed over all momentum k and spin
states s. Moreover, fL,R�E�=1 / �1+e�E−�L,R�/kBT� defines the
Fermi occupancy of left/right scattering electrons. At zero
bias when both reservoirs posses the same temperature T and
electrochemical potential ��eq=�L=�R�, there is no net elec-
tron flux and the electron wind force is by definition zero.
Under equilibrium conditions the attractive forces arising

from the electronic Hamiltonian �Ĥe� are in balance with
repulsive nuclear forces.

When a bias is applied such that �L��R, a net nonzero
driving wind force Fw arises from the elastic scattering of
current carrying electrons in addition to a direct force due to
the applied field FE.10,29 The total nonequilibrium force Fe

ne

can be determined by subtracting the zero-bias electronic-
force contribution from the biased electronic-force
contribution11–14,28,30

�Fe
ne� = �Fw� + �FE�

= �Fe
bias� − �Fe

eq�

= − �
k�,s�

���D
�L���Ri

Ĥe
bias��D

�L��fL�E�

+ ��D
�R���Ri

Ĥe
bias��D

�R��fR�E��

+ �
k,s

���D
�L���Ri

Ĥe
eq��D

�L��feq�E�

+ ��D
�R���Ri

Ĥe
eq��D

�R��feq�E�� . �2�

We define k� and s� to be the respective momentum and spin
indices of electrons scattering into the device under bias.
Note, that Eq. �2� also includes electric field E force contri-
butions when electrostatic boundary conditions are applied at
the contacts.31

In the low-bias limit it is assumed11–14,30 that the applied
voltage is so small that the electronic Hamiltonian changes

negligibly from its equilibrium state, such that Ĥe
bias	 Ĥe

eq.
The wind force contribution in Eq. �2� is thereby reduced to
a sum over all states which lie within the conduction
window11–14,30

�Fw� 	 − �
k,s


��D
�L���Ri

Ĥe
eq��D

�L���fL�E� − feq�E��

+ ��D
�R���Ri

Ĥe
eq��D

�R���fR�E� − feq�E��� . �3�

The low-bias approximation is usually only valid when the
electrostatic potential of the ith scattering atom at position Ri
lies midway between the left �L and right �R electrochemi-
cal potentials.16 This assumption holds for adatoms, step
edges, and other atomic scale defects which form a resistivity
dipole.10,15–17 Within a resistivity dipole the left electro-
chemical potential is raised and the right electrochemical po-
tential is lowered, such that the reference equilibrium elec-
trochemical potential �eq lies midway between �L and �R.15

The defect electrochemical splitting ��d=�L−�R deter-
mines the wind force magnitude and is the unknown quantity
that will be the focus of this paper.

The low-bias approximation may be understood through
the single-mode scattering picture shown in Fig. 1. Under
bias the left electrochemical potential is raised and the right
electrochemical potential is lowered such that �L=�eq

FIG. 1. �Color online� Scattering defect electrochemical poten-
tial splitting ��d superimposed on its electrostatic potential drop Vd

very close to the defect �much less than the electron mean-free path
as compared to Fig. 5�. We define Td to be the low-bias transmission
between the left �L and right �R electrochemical potentials �or
quasi-Fermi levels�, where the electrochemical potential splitting
across the defect is given by ��d=�L−�R. The equilibrium elec-
trochemical potential �eq sits midway between the nonequilibrium
left �L and right �R electrochemical potentials. The inset shows the
shifted momentum occupation for bulk conduction far from the
scattering defect.
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+��d /2 and �R=�eq−��d /2,16 where ��d is the electro-
chemical potential drop across the defect. Given an electron
transmission probability of Td, for a single conducting mode
the resulting voltage drop across the defect is Vd=��d�1
−Td�.15 For the purposes of this discussion we can view the
current density in terms of left incident electron conduction
Ie= �2e2 /h��Td��d /2� and right incident hole conduction Ih

= �2e2 /h��Td��d /2�, where the total current is given by I
= Ie+ Ih. The hole and electron currents relax far from the
defect and balance to form the shifted momentum occupation
as shown in the inset of Fig. 1. This is just another way of
saying that charge neutrality is preserved in the bulk limit far
from the scatterer, the number of states which gain momen-
tum equals the number of states which lose momentum.

In the case of an atomic-sized defect, the width of the
scatterer is so small that the electrostatic potential drop is not
able to follow the electrochemical potential drop and a resis-
tivity dipole develops.10,15,17 Under bias the scattering atom
is situated within a resistivity dipole at the reference electro-
static potential of V�z�=0, between the two electrochemical
potentials �see Fig. 1�. The dipole formed about the scatterer
is due to an additional filling of states from �eq to �L �see
Fig. 1� and an emptying of states from �R to �eq �see Fig.
1�.15,16 Within this picture the defect sees �as shown in Fig.
1�, an additional electronic scattering force from left incident
states between �eq and �L and a depletion �or absence� of
scattering force from states between �R and �eq. From this
simple description of wind force accumulation and depletion,
due to respective left and right incident electrons, we arrive
at the intuitive expression given by Eq. �3�.

Lastly, within the low-bias response picture of metallic
conduction the direct force in Eq. �2� is generally held to be
much smaller than the wind force �FE�Fw� such that Fe

ne

	Fw.11,32 However, to first order the direct force can be es-
timated via the relation FE=QdEd, where Qd is the charge
transferred between the bulk material and the defect and Ed is
the defect-resistivity dipole field. The defect-resistivity di-
pole is assumed to drop within a screening length �Ls such
that Ed=Vd /2Ls=��d�1−Td� /2Ls. In this paper we primarily
examine nonequilibrium contributions to Fw in the low-bias
limit. A full self-consistent nonequilibrium electrostatic com-
putation of FE via Eq. �2� is left to future work.10

B. Numerical wind force implementation

Our low-bias wind force simulation approach is outlined
in this section. For further details on the self-consistent DFT
single-particle Green’s function transport method25–27 the
reader is referred to the literature.25,33 For the sake of com-
pleteness we encourage the reader to consult comprehensive
discussions on scattering in the single-particle Green’s func-
tion transport formalism given in Refs. 24 and 25 �and all
references therein�.

Within the single-particle Green’s function Landauer
approach,15,25–27 the low-bias �see Eq. �3�� charge-density de-
viation �� of a two probe system can be described in terms
of left-incident and right-incident scattering electrons26

�� = ��L + ��R

= �
k,s

��D
�L��2�fL − feq� + ��D

�R��2�fR − feq�

= �
−�

+�


G	LG†�fL − feq� + G	RG†�fR − feq��
dE



, �4�

where we assume spin degeneracy in the energy integral. The
quantities ��L and ��R describe the left and right nonequi-
librium scattering electron densities.15 Furthermore, the re-
tarded Green’s function of the device scattering region is
numerically obtained via

G�E� = ��E + i��S − He − �L�E� − �R�E��−1, �5�

where � is a small positive infinitesimal constant and S is the
overlap matrix between atomic basis functions.25,33 The
quantities �L,R are the self-energies of the left/right contacts,
and 	L,R= i��L,R−�L,R

† � describes the coupling between the
device scattering region and the semi-infinite device leads.15

The DFT time-independent electronic Hamiltonian within
Eq. �5� can be expressed as34,35

Ĥe = −
1

2
�2 + V̂ps

nl + VNA + VH + VXC, �6�

where V̂ps
nl is the nonlocal pseudopotential term, VNA is the

sum of all screened neutral atom potentials, VH is self-
consistent Hartree term, and VXC is the exchange-correlation
term. We can further collapse all local terms into the reduced
expression Vl�r�=VNA+VH+VXC. By combining Eqs. �4�
and �6� with Eq. �3� to give

�Fw� = − �
jk

�� jk�� j��Ri
V̂ps

nl ��k� +� ���r��Ri
Vl�r�dr� .

�7�

we arrive at a DFT single-particle Green’s function25–27 low-
bias expression for the ballistic wind force in the presence of
a stationary �or floating� basis.28 The real-space charge den-
sity is obtained from the density matrix elements of the cho-
sen local atomic orbital basis �i via ���r�
=�ij��ij�i�r�� j

��r�.

III. WIND FORCE ESTIMATES

With a model approach in hand, we now proceed to ex-
amine the Ag�111� surface electromigration wind force.8

Throughout the analysis our results are benchmarked against
experimental measurements of the Ag�111� surface elec-
tromigration wind force.5,18 In Sec. III A the Ag�111� surface
scattering geometries are outlined in detail, as are the DFT
single-particle Green’s function calculation model
details.25–27 Subsequently, Sec. III B presents a comprehen-
sive discussion of the calculated bulk wind force with respect
to the chosen geometries. Lastly, in Sec. III C we address the
weak scattering assumption applied in the bulk wind force
picture and argue that local resistivity dipole16 scattering per-
turbations to the bulk electrochemical splitting should be
considered in wind force estimates.
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A. Scattering geometries and model details

The theoretically investigated Ag�111� surfaces consist of
12 atomic layers periodically repeated to form slabs with
�111� �Ref. 5� crystal orientations as shown in Fig. 2. Note
that the DFT single-particle Green’s function scattering25–27

device regions are coupled to semi-infinite leads accounted
for by self-energy terms in the device Green’s function33 �see
Sec. II B�. The left and right two probe leads are constructed
of clean Ag�111� 12-layer slabs. The studied geometries were
not relaxed and therefore retain the bulk bonding Ag lattice
constant of 4.09 Å.36 In this regard, it is important to note
that the experimental Ag�111� thin films5,18 consist of step
edges and kinks randomly oriented along various facets
transverse to the �111� direction. A detailed wind force study
along the various relaxed facets is left to future work.

To compute the electronic-structure properties of the slabs
displayed in Fig. 2, the local density approximation was em-
ployed in conjunction with a double-�-polarized basis set and
Ag scalar relativistic Troullier-Martins37 pseudopotentials.
The basis set was confined at 0.0025 Ry �Ref. 35� and pro-
vided a bulk work function of 4.29 eV in agreement with
plane-wave calculations.38 A 12.5 Å vacuum buffer region
was placed between the top and the bottom of each slab. The
real-space grid sampling, as shown in Fig. 3, was set at four
points per Bohr. In each calculation a convergence criteria of
10−5 was applied to both the Hamiltonian and density matri-

ces. Furthermore, each system was sampled at 40kx points to
capture transverse Blöch periodicity perpendicular to the z
direction of transport.

Electrochemical biases �� required to drive the reported
experimental current densities5 J are provided in Table I. The
assumed current densities of 8�105 and 2�105 A /cm2 in-
clude constriction due to 50% pitting of the experimental5,18

thin films. The bias calculations were repeated for the geom-
etries show in Fig. 2 as well as clean 12-layer Ag�111� and
bulk Ag�111�. Experimental temperatures are included
through the Fermi occupation function �see Eq. �1��. From
Table I it is apparent that the clean Ag�111� 12-layer slab
current capacity is nearly equivalent to that of bulk Ag�111�.
Moreover, the chain and step edge scatters only slightly per-
turb the clean slab bias window averaged transmission per
unit area �T /A� by about 10%. Therefore we conclude that
the assumed 12-layer scattering geometry38 reasonably ap-
proximates the bulk like 100-nm-thick experimental5,18 thin
films. Given the slight transmission difference between bulk
Ag�111� and the 12-layer geometries, we assume the bulk
��b electrochemical biases given in the fourth column of
Table I in all subsequent calculations. For details regarding
DFT single-particle Green’s function current-density calcula-
tions we refer the reader to the literature.25–27,33

B. Bulk wind force

In this section we examine the wind force under the sim-
plest approximation, namely, that the defect electrochemical
splitting is well approximated by the bulk electrochemical
splitting ��d	��b. This is equivalent to assuming that the
carrier distribution in the vicinity of a defect is well de-
scribed by the bulk conduction picture with a shifted Fermi
sphere �see insert in Fig. 1�.15 In Sec. III C we discuss this
weak scattering approximation in detail and investigate
whether it is justified.

In order to conceptualize the electron wind force it is
helpful to examine the scattering electron density. Real-space

FIG. 2. �Color online� Ag�111� 12-layer surface scattering de-
vice geometries: �a� One-dimensional atomic chain and �b� scatter-
ing step edge. Semi-infinite 12-layer left and right contacts are in-
cluded to calculate electron scattering and transport characteristics
�Ref. 33�. In each case the device region is repeated infinitely along
the transverse x vector pointing out of the page to form a two-
dimensional slab. In each geometry the scattering atom, for which
the wind force is calculated, is highlighted in red �see Secs. II B and
III�.

FIG. 3. �Color online� Unitless real-space plots of the left-
scattering electron density ��L at a driving current density of 8
�10−5 A /cm2 as given by Eq. �4�.

TABLE I. Electrochemical splitting �� required to drive experi-
mental current densities �Ref. 5� J through Ag�111� 12-layer slab
geometries and bulk Ag�111� at the temperatures T. The bias win-
dow averaged transmission per unit area T /A is given as a metric
for the scattering strength �units of conductance quantum G0 per
nm2�. The leads attached to each scattering region are clean and
perfectly crystalline.

System
J

�A /cm2�
T

�K�
��
�eV�

T /A
�G0 /nm2�

Ag�111� 8�105 350 0.934�10−5 11.0444

Clean 2�105 370 0.234�10−5 11.0443

Ag�111� 8�105 350 0.996�10−5 10.3539

Chain 2�105 370 0.249�10−5 10.3546

Ag�111� 8�105 350 1.024�10−5 10.0720

Step 2�105 370 0.256�10−5 10.0705

Ag�111� 8�105 350 0.916�10−5 11.2655

Bulk 2�105 370 0.229�10−5 11.2662
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plots of the left incident scattering electron density ��L are
provided in Fig. 3 �see Sec. II�, where incident electron39

reflection is evident in the increased magnitude of ��L to the
left of both defects. The reflected electron density represents
elastic momentum transfer between conducting electrons the
atomic lattice. Current carrying electrons travel in the +z
direction and those that reflect transfer momentum to the
defect; momentum transferred over time due to the continu-
ous flow of electrons gives rise to a net wind force.

The bulk wind force due to conducting electrons can be
further visualized via the local force contribution Fwb

l =
−����Vl /�Zidr �see Eq. �7��. We emphasize that the total
wind force also includes a nonlocal contribution due to the
Kleinman-Bylander pseudopotential method applied.35 The
Ag�111� 12-layer atomic chain local potential derivative
�Vl /�Zi is plotted in Fig. 4�a�, where the x and y dimensions
are integrated over to provide a simplified plot in the z di-
rection �see also Fig. 2�a��. From Fig. 4�a� we see that
�Vl /�Zi is antisymmetric about the atomic origin. Further-
more, note that the scattering electron ��L,R density is asym-
metric within the surface situated atomic chain �see Fig.
3�a��. Since ��L provides an asymmetric accumulation and
��R provides an asymmetric depletion of scattering states
within the scattering atom, the force integrals Fwb,L

l =
−���L�Vl /�Zidr and Fwb,R

l =−���R�Vl /�Zidr are both net
positive as shown in Fig. 4�b�. Under bias the left-incident
states transfer more momentum �via accumulation� to the
defect and the right-incident states transfer less momentum
to the defect �via depletion�. Both mechanisms act to provide

a net wind force in the +z direction of electron transport �see
also Fig. 1 and the supporting discussion in Sec. II�.

The calculated values of the bulk wind force Fwb
are dis-

played in Table II. To determine the wind force via Eq. �7�,
the highlighted atoms in Fig. 2 were displaced self-
consistently �0.001 Å in the y direction and transport z di-
rection. The y-direction wind force arises from waveguide
like40 current carrying states with both ky and kz momentum,
where ky momentum is quantized in the plane of the slab.41

The x-direction wind force is zero, due to equal and opposite
scattering momentum contributions from �kx transverse
states in the plane of the slab. The y-direction wind force on
the chain highlighted in Fig. 2�a� is essentially zero due to
equal and opposite contributions from ��L and ��R incident
electrons. However in the vicinity of the step edge defect
highlighted in Fig. 2�b�, left-incident electrons ��L scatter
with greater intensity than right-incident electrons ��R �see
also Fig. 3�b�� giving rise to a nonzero y-direction wind force
term. The y-direction wind force on the step edge highlighted
in Fig. 2�b� accounts for 40% of Fwb

in Table II �at both
current densities�. The unitless effective charge values in
Table II were obtained by dividing the calculated wind force
by the bulk electric field such that Zwb

� =Fwb
/Eb �both in units

of eV/nm�. The bulk electric field is obtained through Ohm’s
law Eb=Jb /�, where we assume the bulk conductivity value
�= �2.2�10−6 � cm�−1 at 370 K.5

As is evident in Table II, the calculated values of the bulk
wind force Fwb

and effective charge Zwb

� lie below reported
experimental values.5 Yet, the results do indicate an increase
in the step-edge effective charge estimate at Zwb

� =−73 on
Ag�111� compared to an earlier study of the wind force
against Al�100� step edges where the effective charge was
found to be Zwb

� =−43.9 In the experimental system electromi-
gration occurs primarily along island and step edges5,18

hence the true wind force value is likely to lie somewhere
between that of the chain geometry �Fig. 2�a�� and the step
geometry �Fig. 2�b��. Taking the average calculated value of
Zwb

� 	−65, we arrive at a bulk estimate outside of the experi-
mental error margin where on average Zexp

� 	−186�93. This
shortfall is puzzling5 and leads us to test the validity of the
simple assumption ��d	��b in the next section �Sec.
III C�.42,43

Lastly, in the weak scattering regime the local-defect elec-
tric field equals the bulk electric field Ed=Eb. Therefore, the

FIG. 4. Ag�111� atomic chain surface defect local potential con-
tribution Vl to the z-direction bulk wind force at a driving current of
8�10−5 A /cm2 �see Figs. 2�a� and 3�a��. Figure 4�a� displays the
local potential derivative as the integral ��Vl /�Zidxdy. Figure 4�b�
displays the force integrals Fwb,L

l �z�=−���L�Vl /�Zidxdy �dashed�
and Fwb,R

l �z�=−���R�Vl /�Zidxdy �dotted�.

TABLE II. Calculated Ag�111� wind force against the chain and step-edge atoms highlighted in Fig. 2 for the reported experimental
current densities �Ref. 5�. Bulk wind-force Fwb

and effective-charge Zwb

� values are computed assuming weak scattering ��d	��b in the
vicinity of each defect �see Sec. III B�. The defect wind-force Fwd

and defect-effective-charge Zwd

� values are estimated via the first-order
defect-scattering model discussed in Sec. III C. The bulk and defect direct electric field forces are given in terms of the effective charges ZEb

�

and ZEd

� . The experimental wind-force Fwexp
and effective-charge Zexp

� values are taken from Ref. 5.

System
J

�A /cm2�
T

�K�
��b

�eV�
Fwb

�eV/nm� ZEb

� Zwb

�
Fwd

�eV/nm� ZEd

� Zwd

�
Fwexp

�eV/nm� Zexp
�

Ag�111� 8�105 350 0.92�10−5 1.02�10−5 1.5�10−2 −58 1.87�10−5 2.6 −106

Chain 2�105 370 0.23�10−5 0.26�10−5 1.5�10−2 −58 0.47�10−5 2.6 −106

Ag�111� 8�105 350 0.92�10−5 1.28�10−5 9.5�10−3 −73 2.30�10−5 1.6 −131 �2.70�1.35��10−5 −153�76

Step 2�105 370 0.23�10−5 0.32�10−5 9.5�10−3 −73 0.57�10−5 1.6 −131 �0.97�0.49��10−5 −220�110
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applied field imparts a direct force of FEb
=QdEb �as dis-

cussed in Sec. II�. The defect charge Qd is quantified as the
amount of charge transferred to or from the neutral bulk slab.
The chain and step-edge defects highlighted in Fig. 2 both
transfer a fractional number of electrons to the 12-layer
Ag�111� slab, where the Qd values were computed to be
1.5�10−2e and 9.5�10−3e, respectively �note e=1.6
�10−19 C�. These defect charge values are directly compa-
rable to the bulk wind force effective charge values in Table
II since the bulk direct effective charge is given by ZEb

�

=FEb
/Eb=Qd. Evidently, the bulk direct force lies far below

the bulk wind force Zwb

� 	−65 and can be largely ignored.

C. Defect wind force

In this section we analyze the scattering strength of
Ag�111� chain and step-edge surface defects. First, it is
shown that such defects do not generally reside in the weak
scattering limit where the assumption ��d	��b may be
applied. Second, we go beyond the weak scattering picture to
provide a first-order model estimate of the nonequilibrium
local electrochemical splitting ��d and wind force Fwd

. The
nonequilibrium corrections yield an improved estimate of the
wind force with respect to experimental measurements.5

1. Bulk and defect scattering

Diffuse phonon scattering dominates the low-bias resistiv-
ity of Ag�111� thin films at temperatures in excess of 275
K.5,44 Diffuse scattering17 can be approximated in terms of
an average local bulk resistance45 Rb= �1−Tb�h /Tb2e2 per
conducting mode contributed at each atomic lattice site �spin
degeneracy is assumed�. The parameter Tb defines the onsite
scattering transmission per mode �0�Tb�1�. This model
approach is sketched in Fig. 5. In the diffuse scattering re-
gime the electrochemical potential follows the electrostatic
potential and both drop linearly across the conductor17 �high-
lighted in red�. By summing sum over the average resistance
contributed at each lattice site by each mode �M� we arrive at
the conductivity expression15

� = ��b

1 − Tb

Tb

hA

2Me2�−1

, �8�

where �b denotes the number of scattering events per unit
length. Moreover, the bulk electrochemical splitting per lat-
tice site is approximated as

��b = Jb�2Me2Tb

hA
�−1

�9�

and can be obtained from the bulk current density Jb. The
experimental Ag�111� films conduct in the weak scattering
limit, where the local transmission per mode approaches
unity such that Tb=0.995 and ��b	JbhA /2Me2. This can be
shown by returning to Eq. �8� and plugging in the Ag�111�
�Ref. 5� values �= �2.2�10−6 � cm�−1, M /A=11.3 nm−2,
and �b=1 /2.89 Å. The bulk Ag�111� value M /A is taken
from Table I �in the absence of back scattering M /A=T /A�.

An atomic-sized defect introduced into the Ag�111� bulk
scattering medium can be treated as an additional series

mode resistance46 Rd= �1−Td�h /Td2e2 with transmission Td
�see Fig. 5�. The applied bias drops in series across the defect
and bulk scattering regions. A strongly scattering Td→0 or
high-resistance defect perturbs the linear bulk electrochemi-
cal potential drop and forms a resistivity dipole �as shown in
Fig. 5�,16 within which the electrochemical potential no
longer follows electrostatic potential. The greater the resis-
tance of the defect, the further the defect diverges from the
weak scattering regime such that ��d���b �as highlighted
in blue in Fig. 5�. Only a weakly scattering defect �Td	1 for
all modes� will posses an electrochemical potential drop ��d
that is well approximated by the bulk electrochemical split-
ting such that ��b	��d.

We can directly evaluate the low-bias mode-resolved
transmission of the Ag�111� step edge and chain defects
highlighted in Fig. 2 by decomposing the 12-layer scattering
system into eigenchannels.27 The mode-resolved transmis-
sion Td,i��eq ,kx� is plotted in Figs. 6�a� and 6�b� across 20
sampled transverse kx vectors at the equilibrium electro-
chemical potential �eq. A given ith mode can be understood
as a separate conducting band in the material bandstructure
at the Fermi energy, where the transmission of a band is
unity in the absence of scattering. Note, that the ky vectors
are quantized in the plane of the assumed slab geometry and
do not contribute to the Brillouin zone perpendicular to the
transport z direction �see Fig. 2�.

It is evident that some modes scatter strongly
Td,i��eq ,kx��1 �shown in blue�47,48 while others scatter
weakly Td,i��eq ,kx�	1 �shown in green�. Those modes
which scatter strongly contribute to a local defect electro-
chemical splitting ��d resistivity dipole16 that is greater than

FIG. 5. �Color online� Bulk diffuse phonon scattering is shown
in red where the electrostatic potential drop follows the electro-
chemical potential drop. The length scale 2Lm is much greater than
that shown in Fig. 1. Local-defect scattering is shown in blue,
where due to the enhanced scattering strength of the defect a resis-
tivity dipole develops �see Sec II�. The dashed line color coded to
each scenario displays the average quasi-Fermi level �Ref. 15� be-
tween left bound and right bound scattering electrons. The incident
bulk current scattered by the defect is denoted as Js. The defect
ballistic scattering region with current density Jd and surrounding
bulk scattering medium with current density Js+Jb	Jb can be ap-
proximated as two resistances conducting in parallel �Ref. 46�.
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the average bulk electrochemical splitting ��b. Moreover,
Figs. 6�c�–6�f� show change density plots ��L��eq� of left-
scattering modes at the Fermi energy with transmission Td,i
�0.5 and Td,i�0.5. Those modes which strongly scatter
contribute substantially to the electron density in the vicinity
of a surface defect and thereby largely determine the local-
defect resistivity dipole electrochemical potential splitting
�and wind force as we argue in the next section�. Therefore
we conclude that Ag�111� step-edge-type surface defects
tend to reside in the “strong” scattering limit ��d���b
rather than in the weak scattering limit where the bulk wind
force assumption ��d	��b applies.

2. Electrochemical potential drop across a defect

To estimate the defect electrochemical splitting ��d and
wind force Fwd

enhancement due to each scattering mode we
return the local resistance model in Fig. 5. We treat each
scattering mode independently and assume a mode specific
local nonequilibrium defect electrochemical splitting of
��d,i. In this regard it is important to note that electrons near
a scatterer are not in equilibrium. Hence, the average local
electrochemical splitting ��d only provides a count of the
number of electrons near a scatterer, it does not describe the
energetic distribution of electrons.15 A nonequilibrium self-
consistent model including both diffuse phonon
scattering10,39 and applied bias electrostatic boundary
conditions33 is left to future work.

Current-carrying electrons reflect ballistically off a defect
and travel approximately one mean-free path Lm before los-
ing their momentum and scattering diffusively within the
phonon bath.16 The defect current density within the ballistic
scattering region �Lm is given by Jd=Jb−Js �as shown in
Fig. 5�, where the incident bulk current Jb is reduced by the
scattered current Js. At the ballistic scattering region bound-
ary �Lm the scattered current density Js has lost all of its
backscattering momentum, therefore the boundary current
density is given by the incident electron current Jb. Thus,
beyond the ballistic scattering region the electrochemical po-
tential and electrostatic potential profile follow each other
linearly and are well described by Ohm’s law Jb=Eb /�. Out-
side of the ballistic scattering region, the influence of a lo-
calized atomic scatterer on the current density and electro-
chemical potential drop can be largely ignored.

Within the ballistic scattering region �Lm surrounding a
defect, one can treat the diffuse onsite resistance Rb
= �1−Tb�h /Tb2e2 as acting in series with the defect resistance
of a given mode Rd,i= �1−Td,i�h /Td,i2e2 as shown in Fig. 5.
Therefore the total resistance across the ballistic scattering
region due to the ith mode may be approximated as RB,i
=2LmRb�b+Rd,i.

49 Upon applying Ohm’s law Jb=�Eb and
the relation 2LmEb=��b �Ref. 15� to Eqs. �8� and �9�, we
arrive at a bulk scattering ballistic region resistance contri-
bution per mode of 2LmRb�b=h /Tb2e2	h /2e2. Moreover,
all modes may be viewed as conducting in parallel across the
ballistic scattering region and subject to the electrochemical

FIG. 6. �Color online� The transmission and scattering properties at �eq for 12-layer Ag�111� atomic chain and step-edge defects
�Ref. 47�. Figures 6�a� and 6�b� display the mode-resolved eigenchannel transmission Td,i for each mode index i �the number of scattering
modes varies across the transverse Brillouin zone�. Figures 6�c� and 6�e� display the scattering charge density ��L��eq� for those eigen-
channels with transmission T�0.5. Figures 6�d� and 6�f� display the scattering charge density ��L��eq� for those eigenchannels with
transmission T�0.5. All eigenchannels have a transmission of 1 for a perfectly crystalline clean Ag�111� 12-layer slab.
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bias ��B between left and right electrons incident from the
diffusive scattering medium �see Fig. 5�. Through the trans-
mission relation RB,i= �1−TB,i�h /TB,i2e2 we arrive at a mode
specific defect current density of IB,i= Id,i=2e2��BTB,i /h. Af-
ter some algebra the defect electrochemical splitting per
mode is finally given by ��d,i= Id,ih /2e2Td,i=��B / �1+Td,i�.

An approximate estimate for ��B can be arrived at by
further considering the boundary between the bulk scattering
region and ballistic scattering region. The bulk scattering re-
gion electrochemical potential �in which the defect is imbed-
ded� and ballistic scattering region electrochemical potential
are equal at the ballistic region boundary of �Lm �see Fig.
5�. The electrochemical potential drop across a bulk scatter-
ing region of length 2Lm is 2LmEb=��b. Moreover, the elec-
trochemical splitting between left bound and right bound
bulk current Jb carrying states at the ballistic boundary is
��b �highlighted in red in Fig. 5�. By summing both of these
contributions we arrive at an estimate of ��B=2��b for the
ballistic region electrochemical bias. The electrochemical
splitting per mode is therefore estimated to be

��d,i = � 2��b

1 + Td,i
� , �10�

which obeys the limiting case ��d,i→��b as Td,i→1 �see
Sec. III B�.49 Moreover, it is assumed that the current scat-
tered by the defect Is only slightly perturbs the bulk current
density in the medium surrounding the defect such that Jb
+Js	Jb. Where any increase in the local current density will
yield a proportional increase in the local voltage drop via J
=E /�. This is a reasonable assumption considering the
100-nm thickness of experimental5 Ag�111� thin films and
the relatively minute size of an atomic scatterer. Even in the
extremely thin simulated 12-layer slabs, the scattered defect
current Js only perturbs the bulk current density Jb by ap-
proximately 10% �see T /A values given in Table I�. Concep-
tually the above approximation amounts to treating the bal-
listic scattering defect region and the surround bulk
scattering medium as two resistances conducting in parallel
subject a bias of ��B=2��b �as shown in Fig. 5�.

To estimate the wind force contribution per mode �or
eigenchannel� we return to Eq. �7�, where the low-bias
charge-density deviation is now given by

��d 	 �
i

��d,i��L,i��eq� − �R,i��eq��/2. �11�

The mode summation index in Eq. �11� is weighted across all
sampled transverse kx vectors �see Fig. 6� and ��d,i is given
by Eq. �10� �see also Fig. 5�. The quantity �L/R,i��eq� de-
scribes the local density-of-states contribution27 of left/right
scattering electrons in the ith eigenchannel.50 Note that Eq.
�11� does not invalidate Eq. �4� but rather expresses the
quasi-Fermi-level splitting of each mode independently, such
that ��d,i=�L,i−�R,i. The above revised low-bias charge-
density deviation results in the defect wind-force Fwd

and
effective charge Zwd

� values presented in Table II. Upon tak-
ing the average value of Zwd

� =−119, we arrive at a local-
defect wind force which agrees well with experimental esti-
mates Zexp

� 	−186�93.

Before concluding we note that enhanced scattering also
leads to an increased local-defect electrostatic potential drop
via Vd=��d�1−Td� and in turn an increased electric field
direct force FEd

�see Sec. II�. Through the linear-response
relation Fw	��dFw��eq�, the mode averaged electrochemi-
cal potential perturbation ��d across the defect can be esti-
mated. The average defect mode transmission may then be
extracted from Eq. �10� which yields Td	0.1. Typical self-
consistent DFT single-particle Green’s function transport25–27

calculations yield a bias screening length of Ls	2.5 Å for
nobel metals.51 The local-defect electric field may then be
estimated via Ed=��d�1−Td� /2Ls, which leads to a local
direct force effective charge estimate through ZEd

� =EdQd /Eb

�note Qd=ZEb

� as discussed in Sec. III B�. The average local
direct force effective charge is found to be ZEd

� 	2.0, quite a
bit larger than the bulk magnitude ZEb

� 	1.2�10−2 as given
in Table II. Nevertheless, the direct force lies well below the
average wind force Zwd

� 	−120 and can be ignored for the
most part. However, full self-consistent nonequilibrium
calculations33 should be pursued in future efforts to properly
quantify the direct force contribution.

IV. SUMMARY

Motivated by experimental reports of an enhanced elec-
tromigration force5,18 we have analyzed the scattering prop-
erties of step edge and chain defects situated on the Ag�111�
surface within the first-principles DFT single-particle
Green’s function Landauer transport picture.25–27 Though
most scattering modes interact weakly with a surface defect,
those that scatter strongly often transmit well below unity
and contribute substantially to the electron density within
such a defect. We hypothesize that both of these effects lead
to a nonequilibrium electrochemical potential drop across a
defect, which is not well described by the bulk conduction
picture. First-order estimates of the defect electrochemical
splitting under bias were shown to produce a nonequilibrium
wind force that agrees well with experimental observations
of an enhanced electromigration force.5 In contrast, bulk
conduction wind-force estimates were found to lie below ex-
perimental error margins. To explore the applicability of the
presented model to more general systems, future studies
should consider the effects of phonon scattering,10,39 self-
consistency in defect screening,10 and more complex device
geometries.18 Overall, this work underscores the need for a
quantum transport nonequilibrium approach in the analysis
of defect electromigration.
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